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1. INTRODUCTION 
All rings that I consider in this paper are commutative and Noetherian 
with identity. If R is a ring and Z is an ideal of R then dim(R) will denote 
the Krull dimension of R and ht(Z) will denote the height of I. For a finitely 
generated module M over a ring R, let p(M) denote the least number of 
elements in M needed to generate the R-module M. Recall that an ideal Z 
of a ring R is called a complete intersection if p(Z) = ht(Z). A ring R is called 
strongly regular if every maximal ideal of R is a complete intersection [6, 
p. 1481. A regular local ring, by virtue of its definition, is a strongly regular 
ring. Strongly regular rings may be thought of as a generalization of 
regular local rings. Even a simple extension R = A [t] of a strongly regular 
ring A, which may be free as an A-module, need not be strongly regular. 
For instance, R=Z[fi] is not a strongly regular ring; otherwise, R 
would be a unique factorization domain which is not the case. Polynomial 
rings over regular Hilbert domains are examples of strongly regular rings 
[2]. Polynomial rings in more than one variable over a regular ring are 
known to be strongly regular rings [3, Theorem 31. Polynomial ring exten- 
sions of Dedekind domains are also strongly regular rings. If a Dedekind 
domain D has infinitely many maximal ideals, then D is a (regular) Hilbert 
domain [S, p. 107, Theorem 1473. If D is a Dedekind domain with only a 
finite number of maximal ideals, then D is a principal ideal domain. In the 
latter case, each maximal ideal of height one of D[ T], T an indeterminate 
over D, is trivially a complete intersection, and every maximal ideal M of 
height two of D [ T] is a complete intersection because M n D is a maximal 
ideal of D; the case of many indeterminates over D is a special case of [3, 
Theorem 31. Until now it remains an open question whether or not a poly- 
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nomial ring in one variable with coefficients in a regular local ring is 
strongly regular. 
In this paper I consider the following question. 
QUESTION. Let (A, JY) be a regular local ring and let k be a regular 
parameter of A; i.e., 1c..k’\A2. Is A[2-‘1 a strongly regular ring? 
Since the answer to the above question is trivially positive if dim(A) < 2, 
we may assume that dim(A) > 3. Suppose that dim(A) = 3, and let M be a 
maximal ideal of R = A[2 - ’ 1. Then ht(M) = 2. (Note that if a is a nonunit 
in a d-dimensional regular local ring A, then A [a ~ ‘1 is a regular ring of 
dimension d - 1 in which every maximal ideal has height d - 1.) By an old 
result of Serre [17], there exists a projective R-module of rank two map- 
ping onto M; and by a more recent result of Gabber [4], all projective 
R-modules are free. Thus M is a complete intersection. 
The main theorem of this paper is the result that if (A, ~8%‘) is a regular 
locality over a field such that the residue field A/k’ is infinite, then A[Z ‘1 
is a strongly regular ring. 
The paper is divided into three sections. Section 2 is devoted mainly to 
the proof of the main theorem. In Section 3, the case of a polynomial ring 
with coefficients in a regular locality over a field is discussed. 
2. THE MAIN THEOREM 
Following the terminology of Nagata [12, p. 1271, let us recall that a 
local ring A is called a locality over the field K if A is a localization of 
a finitely generated K-algebra. A regular locality means a locality which is , 
a regular ring. We prove the following theorem. 
THEOREM 2.1. Let (A, A) be a d-dimensional regular locality over afield 
K. Assume that the residue field Al& is infinite. Let 2 be a regular 
parameter of A. Then A [A- l] is a strongly regular ring. 
The proof of this theorem will be reduced to the case of a polynomial 
ring with coefficients in a regular Hilbert domain. To accomplish this goal, 
we use the analytic isomorphism methods which were developed in [ 141 and 
which were motivated by the seminal paper of Mohan Kumar [ 111. Let R 
be a ring and let R, be a subring of R. Let f~ R, such that f is a nonzero- 
divisor in R. Then the inclusion RI + R is called an analytic isomorphism 
along f if R,/(f) E R/(f). If (A, 4) is a local ring and if f E A[X] is a 
manic polynomial such that (A, X) is the only maximal ideal of A[X] 
that contains f, then the inclusion A [X] + A [X] CM,X) is an analytic 
isomorphism along f [14, Propositions 1.5, 1.71. Let R, + R be an analytic 
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isomorphism alongfE R,. Let M be ideal of R such that f c M, = M n R,. 
Then R,/M, g R/M and M= M, R [14, Prop. 1.31. As a consequence, if
M, is a complete intersection and ht(M,) = ht(M), then M is a complete 
intersection. Let us note the fact that if A + B is a flat ring extension, then 
for any prime ideal Z of A with ZB # B, ht(Z) = ht(ZB). 
The following result, which appears with a slightly different statement 
in [ 14, Theorem 2.81 is a major tool for the proof of Theorem 2.1. For the 
convenience of the reader, I record it below as Theorem A. 
THEOREM A. Let (A, Jll) be a regular locality of dimension d over afield 
K. Assume that the residue field AlA is a finite separable extension of K. Let 
{a, X2, . . . . Xd} be a system of parameters of A such that {X,, . . . . X,} is part 
of a regular system of parameters of A. Then there is a regular local subring 
S of A with the following properties: 
(i) S is a localization of the polynomial ring C = KIXl, X,, . . . . X,] at 
a maximal ideal of the type (4(X,), X2, X3, . . . . X,), where &XI) is an 
irreducible manic polynomial in K[ X, 1. 
(ii) There is an element h E S n aA such that the inclusion S + A is an 
analytic isomorphism along h. 
Proof of Theorem 2.1. We shall complete the proof via a couple of 
reductions and a proposition. 
Step 1. We may assume that the residue field A/d is a finite separable 
extension of K. 
Proof We present A = C, ~ c, where C= KC%‘], G?? a finite subset of A 
containing A. When Al.4 is separably generated over K, there is nothing 
much to prove: we replace K by K(g), g c A a set of representatives of a 
separating transcendence basis for A/& over K. Suppose that is not the 
case, in which case K is not algebraic over its prime subfield K,,. Let M be 
a maximal ideal of R = A [A- l]. Choose an infinite subfield E of K which 
is finitely generated over KO so that B = EC%‘] contains a basis for JY n C 
and Mn C; and let A’= BAYnB, R’= A’[n-‘1, and M’= Mn R’. 
The canonical map B + KaE B = C is an inclusion. We note that C is a 
flat extension of B and A is a flat extension of C. Therefore, A is a flat 
extension of B. Whence A is a flat extension of A’. Since A is a local exten- 
sion of A’, A is faithfully flat over A’. Then A’ is a regular local ring [ 10, 
p 155, Theorem 511. Since the maximal ideal of A’ generates that of A, we 
have dim( A’) = dim(A). Since A is faithfully flat extension of A’ and I E A’, 
we have that R is faithfully flat over R’. Thus M’R= M yields that 
ht(M’) = ht(M) = dim(A’) - 1. Hence M’ is a maximal ideal of R’. Let us 
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also observe that I is regular parameter of A’. So we may start afresh with 
A/M finitely generated over K,,. 
Let E,, = K,(B), 9 c A a set of representatives of a separating trans- 
cendence basis for A/A over K,,. Repeat the reduction argument just made 
with E, taking the place of K,, and thus the proof is complete. 
Step 2. We assume that A is of the form K[X,, X,, . . . . XdlN, where 
N = (4(X,), X,, . . . . X,) and 4(X,) is an irreducible manic polynomial in 
K[X,], and A= X,. 
Proof The theorem being trivially valid if dim(A) < 2, we may assume 
that dim(A) = da 3. Let M be a maximal ideal of R = A[n-‘1. We choose 
X 3, . . . . X, so that A/(1, X3, . . . . X,) is a regular local ring of dimension one. 
Since ht(l, X,, . . . . X,) = d - 1, there is an element a E M n A with 
a $ (4 x3, . ..> X,); so (4 4 J-3, .*., X,} is a system of parameters of A and 
(4 x3, . . . . X,} is part of a regular system of parameters of A. Now by 
Theorem A we obtain a subring S of A such that S is a localization of 
the polynomial ring C = K[X,, 1, X,, . . . . X,] at the maximal ideal 
J- = (qwl), 1, x3, *--, X,), where 4(X,) is an irreducible manic polynomial 
in K[X,], and where the inclusion S + A is an analytic isomorphism along 
some element h in Sn aA. Then the inclusion R, = S[n-‘1 + A[n-‘1 = R 
is also an analytic isomorphism along h [9, p. 155, Remark V.5.12.31. As a 
consequence, M, = Mn R, is a maximal ideal of R, such that M, R = A4 
and ht(M,) = ht(M). Hence if M, is a complete intersection then so is M. 
This completes the proof of Step 2. 
Since we may assume that R= A[l/X,], where A = KIXllcrcx,,, 
LX*, x3, . ..T ~dl()(X,),X~....,X~)’ the proof of the theorem is complete via the 
following proposition. 
PROPOSITION 2.2. Let (D, n) be a discrete valuation ring such that the 
residue field D/(z) is infinite. Let (A, JZ) denote the regular local ring 
DCX,, . ..> Xdlm where Jf is the maximal ideal (71, X,, X3, . . . . X,) of the 
polynomial ring D[X,, . . . . X,]. Then R = A[ l/X,] is a strongly regular ring. 
Proof We assume that d > 4. Let M be a maximal ideal of R. Then 
ht(M) = d - 12 3. Let P = M n B, where B = D[X,, . . . . X,]. Let us set 
Q=PnB,, where B,=D[X,, . . . . X,]. Since P is a prime ideal of height at 
least 3 in B, Q is a prime ideal in B, of height at least 2. We consider the 
following two situations. 
(i) Suppose that rt 4 Q. Since D/(z) is an infinite field, Q contains a 
homogeneous polynomial f of degree t > 0 in B, such that f has unit values 
in D [ 14, Remark 1.133. Applying a suitable linear homogeneous change of 
variables for B,, we may assume that f = uX:+g, where u is a unit in D 
and g(0, 0, . . . . X,) = 0. Replacing f by u - 'f we can assume that ZJ = 1. Let 
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A, =D[X,, . . . . X,- l]sr[Xd], where Y= (71, X,, . . . . X,_,). Since (9, X,) is 
the only maximal ideal of A, that contains the manic f, we have that 
the inclusion A, + A is an analytic isomorphism along f: Then 
R, = A,[l/X,] -+ A[l/X,] = R is an analytic isomorphism along f: We 
observe that the ring R, is a polynomial ring in X, over the regular ring 
DCJf2, ..., Jfd- I $4 ] [l/X,], which is a Hilbert domain [7, 10.581. Since 
feMnR,, we conclude that the maximal ideal M is a complete inter- 
section. 
(ii) Suppose that rr E Q. Let ii;i= M/(rc). Then li;r is a maximal ideal 
in W(d)C~2j . . . . &l~xz ,.... xdj [l/X,]. Note that ht(li;i) = ht(M) - 1. We can 
supply an argument parallel to the one given in case (i), where D will be 
replaced by the field D/(n), to conclude that ii;i is a complete intersection. 
Whence A4 is a complete intersection. Thus the proof of the proposition is 
complete. 
Let A be a ring. Following the notation in Quillen’s paper [16] and in 
Lam’s treatise on Serre’s Conjecture [9], let A( 2”) denote the ring: localiza- 
tion of the polynomial ring A[ r] at the multiplicative set of manic polyno- 
mials. If (A, A!) is a local ring, then A(T) is the ring A[X],,,,,[l/X], 
where X= l/T [9, p. 101). If (A, A) is a regular locality over a field K, 
then so is the regular local ring A[X],,,,, and X is a regular parameter 
of A [Xl (-//,x1. Thus, Theorem 2.1 yields the following. 
COROLLARY 2.3. Let (A, J%‘) be a regular locality over afield such that 
the residue field A/J! is infinite. Then A(T) is a strongly regular ring. 
If (A, A’) is a regular local ring of dimension d 2, then A [X] CA,xj is a 
regular local ring of dimension ~3. Thus we note that if A is a regular 
local ring of dimension at most 2 then A(T) is a strongly regular ring. 
Remark 2.4. Let A be a formal power series ring over a field and let A 
be a regular parameter of A. That A[Z’] is a strongly regular ring is a 
special case (n = 0) of the following result proved in [ 131: 
Let A be a d-dimensional formal power series ring over a field. Let A be 
a regular parameter of A. Let R= A[P’]. If Zis an ideal of RIT1, . . . . T,], 
n 2 0, such that ht(Z) > min{ d- 1, n} and p(Z/Z*) > dim(Z) + 2, then p(Z) = 
dUZ2). 
For a formal power series ring A over a field the ring A(T) is also a 
strongly regular ring; though the ring A [A - ‘1 is not tailor-made to deduce 
the result for A(T), as is the case when A is a regular locality over a field. 
In order to avoid technical details, I give an outline of the proof. Suppose 
A = K[ [X, , . . . . A’,]], where K is a field. Let M be a maximal ideal of A(T). 
Pick a non-zero element f in Mn A. We may assume that f is a 
Weierstrass polynomial in AI = K[[X,, . . . . X,-,]][X,], see [9, p. 1531. 
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Using the Weierstrass Division Theorem, we have that A, + A is an 
analytic isomorphism along J Let X= l/T. Then A, [X] + A [X] is an 
analytic isomorphism along J: Let JV” and J? denote the maximal ideals 
generated by X1, . . . . X,, X in A, [X] and A [Xl, respectively. Then one 
can check that A, [Xl, + A[X], is an analytic isomorphism along f. 
The analytic isomorphism A, = K[ [X, , . . . . X,_ 1 ] ] [X] Cx ,,,.,, xd- ,,JXd] + 
A1[XIVV alongfyields that for A,[T]=A,[l/X] -+A[X],[l/X] =A(T). 
Since f~ A2[ T] n M and A,[ T] is a polynomial ring in X, over the 
regular Hilbert domain K[[X,, . . . . X,-,]][X],, ,,..., X,-,,X,[l/X], M is a 
complete intersection, as desired. 
Remark 2.5. In all the cases we have treated here, the projective 
modules over the ring R happen to be free. I wonder if one can prove that 
every maximal ideal M of R = A [A- l], A a regular local ring and il a 
regular parameter of A, is a homomorphic image of a projective R-module 
of rank equal to dim(R). Then we can appeal to the validity of the well- 
known conjecture (question!) due to Quillen [16] about the freeness of 
projective R-modules for M to be a complete intersection. 
3. STRONGLY REGULAR POLYNOMIAL RINGS 
In this section we consider the following question. 
QUESTION (Davis and Geramita). Is a polynomial ring extension of a 
regular local ring strongly regular? 
As mentioned in the introduction, this question begs attention only in 
the case of a polynomial extension in one variable. For this situation, a 
positive answer is known if A is of Krull dimension at most two [5] if A 
is a formal power series ring over a field [l, 143 and if A is a regular 
locality with infinite residue field [14, 153. Proposition 3.1 and Remark 3.2 
below are further evidences that A[ r] is a strongly regular ring in the case 
when A is a regular locality over a field without the hypothesis that the 
residue field is infinite. 
PROPOSITION 3.1. Let M be a maximal ideal of R = A[ T], where (A, .&) 
is a regular locality over a field F. Let P = Mn A. If P q? .M2, then A4 is a 
complete intersection. 
Proof: As the result is known when A/& is infinite or when 
dim(A) < 2, we may assume that Al.4 is a finite field and that dim(A) 2 3. 
Let X# 0 E P\M2. Since ht(P) > 2, we can find an element a E P such that 
a 4 XA. We append the sequence {a, X} so that {a, X, X3, . . . . X,} is a 
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system of parameters of A and that {X, X,, . . . . X,} is part of a regular 
system of parameters of A. Note that A\& is trivially a finite separable 
extension of F. As before, Theorem A applies to give us a subring S 
of A such that S is a localization of the polynomial ring 
C = F[X, , X, X,, . . . . X,] at the maximal ideal (4(X,), X, X,, . . . . X,), where 
4(X,) is an irreducible manic polynomial in F[X, 1, and where the inclu- 
sion S + A is an analytic isomorphism along some element h in S n aA. Let 
R,=S[T] and let M,=MnRR,. Then the inclusion R,+R is also an 
analytic isomorphism along h and h EM,. We use [14, Prop. 1.33 to 
conclude that M, is a maximal ideal of R, and that M,R =M. 
Set Sr = F[X, , X,, . . . . X,lN [X], where N is the maximal ideal 
(4(X, ), x3 3 . . . . X,) of FCX, , X,, . . . . X,]. Since X is a Weierstrass polyno- 
mial in Sr, the canonical inclusion S, + S is an analytic isomorphism 
along X. Let R, = S,[T]. Then the inclusion R, + R, is an analytic 
isomorphism along X and XE M,. Once again we have that M, = R, n M, 
is a maximal ideal in R, such that M,R, = Mr. We note that 
ht(M,) = ht(M,) = ht(M). Now M, is a maximal ideal of R,, a polynomial 
ring in two indeterminates over the regular local ring F[X,, X,, . . . . XdlN. 
Thus M2 is a complete intersection. Since M2 R = M, we have that M is a 
complete intersection. 
Remark 3.2. Suppose that (A, A) is a regular locality over a field F 
and assume that the residue field Al&? is linite. The F is necessarily a finite 
field. Let M be a maximal ideal of A[ T]. Take a simple transcendental 
field extension F(X) of F. Then the extension M’ = M( F(X) ~20~ A[ T] ) of M 
in F(X) OF A[ T] is a complete intersection. Let F be an algebraic closure 
of F. Specialize X= 0 in F avoiding the roots of the denominators of the 
rational functions that occur as coefficients in the members of a minimal 
(having least cardinality) basis of M’. Then F(8) is a finite Galois extension 
of F such that M(F(B) OF A[ T] ) is a complete intersection. I wonder if 
some “descent” argument would yield that M itself is a complete inter- 
section. 
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